Abstract. For E a presheaf of spectra on the category of smooth k-schemes satisfying Nisnevich excision, we prove that the canonical map from the algebraic singular complex of the theory E with quasi-finite supports to the theory E with supports intersecting all the faces properly is a weak equivalence on smooth k-schemes that are affine or projective. This establishes some cases of a conjecture of Marc Levine.
Section 1. Introduction
Let k be a field, let Sm/k denote the category of smooth separated k-schemes of finite type, and let Spt(k) denote the category of presheaves of spectra on Sm/k. A cohomology theory is a presheaf of spectra satisfying certain conditions. Such a theory may be filtered according to the (co)dimension of a subscheme supporting a cohomology class. We describe now two ways of obtaining such a filtration, both of which make use of the cosimplicial object ∆
• in Sm/k.
For E ∈ Spt(k) and X ∈ Sm/k, first define E Q (X) := hocolim Z∈Q E Z (X × A q ), where Q consists of cycles on X × A q that are quasi-finite and dominant over (a component of) X. This is the spectrum with quasi-finite supports. Now define E Q to be the algebraic singular complex of the presheaf E Q , that is, E Q (X) = E Q (∆ • × X) := |n → E Q (∆ n × X)|. This construction is functorial for all morphisms of schemes: E Q ∈ Spt(k). For E ∈ Spt(k) and X ∈ Sm/k, we set E (q) (X, n) := hocolim Z∈S (q) E Z (∆ n × X), where S (q) consists of those cycles on ∆ n × X intersecting all faces in codimension at least q, i.e., properly. This gives a simplicial spectrum, and we may form its total spectrum E (q) (X) := |n → E (q) (X, n)|. This construction is the evident generalization of the cycles used by Bloch [1] to define higher Chow groups. Note that E (q) is functorial for flat morphisms of schemes. These constructions can be compared. Cycles on ∆
• × X × A q that are quasifinite over ∆
• × X are cycles of codimension at least q intersecting all faces of ∆
• in codimension at least q. Levine [5, Thm. 3.3.5] has shown that, if k is infinite, the projection A 1 × X → X induces a weak equivalence E (q) (A 1 × X) ∼ = E (q) (X) for any X ∈ Sm/k. Thus there is a canonical map α X : E Q (X) ֒→ E (q) (X × A q ) ∼ = E (q) (X). Our main result is that α X is a weak equivalence for a broad class of theories E, but with some restrictions on X. Theorem 1.1 (3.18, 4.15). Let k be an infinite field. Let E ∈ Spt(k) be a presheaf of spectra satisfying Nisnevich excision (see Section 2.2). Suppose X is a smooth equidimensional k-scheme that is either affine or projective. Then the canonical map α X : E Q (X) → E (q) (X) is a weak equivalence.
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For E ∈ Spt(k) quasi-fibrant and X ∈ Sm/k, Levine conjectured α X is a weak equivalence [7, Conj. 10 .1]. Levine also observes that, using the identification of the qth slice s q E of E with the cofiber of E (q+1) → E (q) [6, Thm. 1.1], the conjecture would give an explicit functorial geometric model for the slice tower of an S 1 -spectrum. Our result gives a functorial geometric model for the slice tower on affine and projective schemes, namely the tower · · · E Q,q+1 → E Q,q · · · determined by any sequence of coordinate embeddings · · · A q ֒→ A q+1 · · · . We note that a functorial model for E (q) is obtained in [5, Sect. 7 ] using a moving argument adapted to a nonflat morphism, together with the Dwyer-Kan construction. See Remark 3.19 for further discussion.
Our result has a structural interpretation in terms of the injective Nisnevichlocal A 1 -model structure on Spt(k). Given a fibrant E ∈ Spt(k) for this model structure, a basic problem is to find a fibrant model for E (q) . Regarding the A 1 -part of the model structure, a useful feature of the algebraic singular complex is that it "creates" homotopy invariance: if F ∈ Spt(k) is a presheaf of spectra, then the assignment X → |n → F (∆ n × X)| =: F (∆ • × X) is a homotopy invariant presheaf of spectra on Sm/k [2, Prop. 7.2]. In particular, for any E ∈ Spt(k), the presheaf E Q ∈ Spt(k) is homotopy invariant. Since E (q) satisfies Nisnevich excision, in some sense the main question of this paper is whether the operation E → E Q preserves Nisnevich-fibrant objects (see Remark 3.20 for further discussion). A fibrant presheaf can be used to compute mapping spaces in the homotopy category SH S 1 (k), e.g., cohomology groups. In view of the fundamental role of the operation E → E (q) , it is interesting to obtain an explicit fibrant model for E (q) in Spt(k). The map α X has been studied for particular theories E. The comparison map is a weak equivalence for sheaves of equidimensional cycles, where the Suslin complex C * (−) plays the role of the algebraic singular complex. A case of FriedlanderVoevodsky duality [3, Thms. 7.1,7.4] implies z equi (X, A q , 0) → z equi (X×A q , dim(X)) induces a quasi-isomorphism of Suslin complexes. We have also Suslin's comparison of equidimensional cycles with Bloch cycles [9, Thm. 3.2] , namely a quasiisomorphism C * (z q equi (X)) → z (q) (∆ • × X). Thus the map z
is a quasi-isomorphism, at least if k admits resolution of singularities. Our result can then be viewed as a form of duality for a rather general theory E, with E Q playing the role of E-cohomology, and E (q) that of E-homology.
For algebraic K-theory, the comparison map was used by Friedlander-Suslin in the construction of a spectral sequence relating motivic cohomology to algebraic Ktheory [2] ; this is a motivic analogue of the spectral sequence of Atiyah-Hirzebruch relating the singular cohomology of a topological space to its topological K-theory. More precisely, the map α X was shown to be a weak equivalence for X the spectrum of a field or a semilocal ring. See Remark 3.21 for further discussion. Algebraic K-theory satisfies Nisnevich excision by a result of Prop. 3.19 ], hence our result generalizes the comparison results of FriedlanderSuslin.
Our techniques are primarily geometric in nature. First we show that the map α A d is a weak equivalence; this result is valid for any presheaf E ∈ Spt(k) and the proof follows closely [2, Sec. 8] . The main ingredient allowing us to move simplicial closed subsets on affine space is the moving lemma of Suslin [9, Thm. 1.1], which moves a given family to an equidimensional family. Then, assuming E satisfies The author wishes to thank him for a series of very helpful conversations during which many of the basic ideas presented here emerged. This work was begun while the author was a wissenschaftlicher Mitarbeiter at the Universität Duisburg-Essen. Section 2. Support conditions and cohomology theories 2.1. Support conditions. Let ∆ n denote the algebraic n-simplex Spec k[t 0 , . . . , t n ]/(t 0 + · · ·+ t n = 1). Letting n vary and using the coface and codegeneracy maps (see, e.g., [1, p. 268]), we obtain the cosimplicial object ∆
• in Sm/k. The goal of this paper is to compare various support conditions S(X) on cohomology theories evaluated on the cosimplicial schemes ∆
• × X × A q for X ∈ Sm/k. Suppose S n (X) is a collection of closed subschemes of ∆ n × X × A q that is closed under finite unions and under taking closed subschemes. Then the collections {S n (X)} n comprise a support condition if they form a simplicial subset of the simplicial set whose n-simplices are the closed subschemes of ∆ n × X × A q [5, Defn. 2.3.1]. In this context we often refer to the closed subschemes themselves as supports. The support condition S(X) is of codimension ≥ q if, for all n, every Z ∈ S n (X) is of codimension ≥ q on ∆ n × X × A q . The collections Q and S (q) defined in Section 1 are support conditions of codimension ≥ q on ∆ • × X × A q . Support conditions are partially ordered by inclusion. In particular, a collection of subschemes {Z n i ֒→ ∆ n × X × A q } n is said to generate a support condition S(X) if S is the smallest support condition containing all the Z n i s. We use the notation Z ′ ֒→ Z ⊂ S(X) to mean every member of Z ′ is contained in some member of Z.
Let X be a smooth equidimensional k-scheme. For e ∈ Z ≥0 , let S (q),e n (X) ⊂ S (q) n (X) denote the set of codimension ≥ q subschemes Z ֒→ ∆ n ×X ×A q having the additional property that the maximal fiber dimension of the canonical morphism Z → ∆ n × X is e. The condition on fiber dimension is preserved by change of 3 the base ∆ n × X, in particular by the coface and codegeneracy maps, so the sets S (q),e n (X) define a support condition on ∆
• × X × A q . To use geometric arguments we will need to further refine the filtration
To this end, let S (q),e,f n (X) ⊂ S (q),e n (X) denote the set of subschemes Z such that the image of the locus of e-dimensional fibers has codimension ≥ f in ∆ n × X, and continues to have codimension ≥ f on each face ∆ m × X ֒→ ∆ n × X. Since the codimension of the image of the locus of maximal dimension fibers is preserved by flat base change, this too defines a support condition. Now suppose X is of dimension d. Then if e and n are fixed, by varying f we obtain an increasing chain of support conditions:
Here we collect some elementary properties of our support conditions. Properties 2.1.
(1) (finite covariant functoriality) The support conditions S (q),e,f (−) are compatible with pushforward by a finite (flat) morphism in Sm/k. For such a morphism f :
(2) (flat contravariant functoriality) The support conditions S (q),e,f (−) are compatible with pullback by a flat morphism in Sm/k. For such a mor-
(X). (3) (openness in families) Let B ∈ Sm/k be a base scheme, and let Z ∈ S (q)
Cohomology theories.
Here we explain some notation from the introduction and some constructions, and discuss axioms for the cohomology theories E we will consider.
A spectrum E is a sequence of pointed simplicial sets E 0 , E 1 , E 2 , . . . together with bonding maps S 1 ∧ E i → E i+1 . A morphism of spectra is a sequence of pointed morphisms of simplicial sets compatible with the bonding maps, and Spt denotes the category of spectra. A presheaf of spectra on Sm/k is an additive functor E : (Sm/k) op → Spt, i.e., a functor with the property that E(X Y ) → E(X) ⊕ E(Y ) is a weak equivalence for all X, Y ∈ Sm/k.
Let E be a presheaf of spectra on Sm/k. We consider the following conditions on E.
(1) (Nisnevich excision) Let f : X → Y be anétale morphism in Sm/k, and suppose W ֒→ Y is a closed subscheme such that the induced map
2) (homotopy invariance) Let X ∈ Sm/k and let p : X × A 1 → X denote the projection. Then p induces a weak equivalence E(X)
Remark 2.2. For some time we will consider arbitrary E ∈ Spt(k), but we need to impose Nisnevich excision starting in Section 3.3 to obtain the comparison result for affine varieties. Our results do not require the hypothesis of homotopy invariance. 4
The relevance of this condition is the A 1 -part of the model structure on presheaves of spectra.
For Z ֒→ X a closed subscheme of the smooth k-scheme X and E ∈ Spt(k), we define the spectrum on X with supports in Z, denoted E Z (X), to be the homotopy fiber of the morphism E(X) → E(X − Z). This is the spectrum whose homotopy groups fit into a long exact sequence with those of E(X) and E(X − Z). The spectrum E Z (X) depends only on the support of Z and not on its scheme structure. If S(X) is a support condition and E ∈ Spt(k) is a presheaf of spectra on Sm/k,
forms a simplicial spectrum. Then we may form the total spectrum E S (X) := |n → E Sn (X)|. If S 1 (X) and S 2 (X) are support conditions and S 1 (X) ⊆ S 2 (X), there is a canonical morphism E S1 (X) → E S2 (X). We will write E (q) (X) for E S (q) (X) (X), and we set E (q),e (X) := E S (q),e (X) (X). The filtration 2.1 induces a sequence of canonical morphisms
. By imposing the condition n ≤ N , we obtain truncated spectra E (q),e (X) ≤N and morphisms of spectra E (q),e,f (X) ≤N → E (q),e,f −1 (X) ≤N (with the evident notation) fitting into a tower:
We use the filtration as follows. We will show that for any N , the morphism E (q),e−1,0 (X) ≤N → E (q),e,d+N (X) ≤N and all of the morphisms E (q),e,f (X) ≤N → E (q),e,f −1 (X) ≤N are weak equivalences. Since the rth homotopy group of a simplicial spectrum depends only on some truncation (in simplicial degree depending on r), it follows that E (q),e−1 (X) → E (q),e (X) is a weak equivalence for every e. Hence also α X : E Q (X) → E (q) (X) is a weak equivalence. Remarks 2.3. (2.3.1) Throughout we assume k is infinite to guarantee the existence of morphisms to affine (and projective) space with certain properties. Levine's results [5] , e.g., the homotopy invariance of E (q) cited in the introduction, can be obtained for k a finite field by imposing a Galois invariance hypothesis [5, Axiom 4.1.3]. It seems reasonable to assume the results obtained here can be similarly extended in the presence of such a hypothesis. (2.3.2) We work in roughly the same generality as [5] ; in particular we do not require E to be homotopy invariant. The localization axiom (4.1.1) of [5] is automatic in our setting since we consider presheaves of spectra on Sm/k rather than presheaves on some category of pairs in Sm/k. See [5, Defn. 2.1.1; 9.1]. For completeness we simply record that for a sequence of closed immersions Z ′ ֒→ Z ֒→ X with X ∈ Sm/k, we have a fibration sequence E
As a particular case of the Nisnevich excision axiom (Zariski excision), if j : U ⊂ X is an open immersion in Sm/k and Z ֒→ X is a closed subscheme which happens to be contained in U , then j induces a weak equivalence E Z (X)
. This weak equivalence yields the following excision result: let f : X → Y be a finite, genericallyétale morphism in Sm/k with ramification locus R f ֒→ X, let Z ′ ֒→ Z ֒→ X be closed subschemes such that f induces an isomorphism 5
Section 3. Moving supports on affine varieties
It is a theorem of FriedlanderSuslin [2, Thm. 8.6 ] that for E = K, the spectrum of (Thomason) K-theory, the canonical maps
are weak equivalences. In this section, following very closely the argument in [2, Sec. 8], we enhance this result in three ways:
(1) replace K with an arbitrary presheaf of spectra;
, especially those discussed in Section 2.1.
In this section we consider support conditions S(X) of codimension ≥ q satisfying Q(X) ⊆ S(X) ⊆ S (q) (X), and E ∈ Spt(k) arbitrary. We say Z := {Z n i } ⊂ S ≤N (X) is a finite subfamily of supports if the set Z is finite. This means there exists N ∈ Z ≥0 and for each 0 ≤ n ≤ N there is specified a finite subset {Z n i } ⊂ S n (X). By convention we assume the set Z is closed under intersecting with faces ∆ n ֒→ ∆ N , hence we can form the spectrum E Z (X), the total spectrum of the truncated simplicial spectrum n → E
A homotopy between φ • and the identity is a pseudo-endomorphism
. This is again a support condition, and it satisfies φ S(
Since φ • is a pseudo-endomorphism these induce a map on Segal realizations
From now on, we use the notation
Proof. By combining Suslin's moving lemma and induction on the simplicial degree n, [2, Prop. 8.2] shows that a finite family of supports in S (q) n (Spec k) (i.e., on 6 ∆ n × A q ) can be moved via a pseudo-endomorphism to a family of ∆ n -quasi-finite supports. The proof carries over to our setting. Suslin's moving lemma [9, Thm. 1.1] asserts that given an affine k-scheme S, an effective divisor D ֒→ A n , a closed subscheme Z of A n × S, and an S-morphism φ D : D × S → A n × S, there exists an an S-endomorphism φ of A n × S transporting Z to a closed subscheme having the correct fiber dimension over A n \ D, and agreeing with φ D on D × S. First we find, for each vertex
denotes a face of Z.) Suslin's lemma applies so long as Z 0 has codimension q, so we can replace the condition
moving Z 1 (at least away from the vertices) and agreeing with φ 0 on (
Furthermore, because the φ 1 's agree on the vertices, they glue to an endomorphism of (∪∆
We continue one simplicial degree at a time. In the last stage, we may replace the divisor
Notation 3.4. Let I • denote the simplicial set corresponding to the poset {0 < 1}. We denote by 0 • ⊂ I • the constant simplicial subset at 0: for every n its unique n-simplex is the sequence 0 ≤ · · · ≤ 0. Similarly we have 1
We use the simplicial set I • to construct homotopies; the geometric realization |I • | is the unit interval I, and via this realization, |0 • |, |1 • | correspond to 0, 1 respectively.
Following [2] we have the support condition Φ S on ∆
Proof. Suslin's moving lemma and induction on the index of the pseudo-endomorphism Φ • allow one to construct a candidate Φ • as in [2, 8.4] . Since supports of the form
) for a smaller support condition S. So it remains to check that the indices e and f are preserved.
The candidate Φ • has the property that Φ −1
Thus for arbitrary j ∈ I n , the non quasi-finite locus of
is contained in the non quasi-finite locus of
, and over ∆ n ×{1}×A d we simply recover the cycle Z n i . Thus by hypothesis we have (
By the previous paragraph, the indices e and f for arbitrary j ∈ I n can only improve.
Remark 3.6. If φ • satisfies the conclusion of Proposition 3.2, then in the proof of Proposition 3.5 we would only have to consider incidences of the form
is weakly homotopic to the canonical inclusion map.
Proof. Having established Proposition 3.5, the proof of [2, Prop. 8.5] applies.
Proof. Corollary 3.3 and Proposition 3.7 imply
|| is a weak equivalence. Every codegeneracy morphism ∆ n → ∆ n−i is a linear projection with a section. Therefore, for every term 
Controlled moving on
subfamily of supports. We have shown the canonical map
fits into a homotopy commutative diagram (in which the unlabeled arrows are canonical):
The homotopy commutativity means φ * is homotopic to the inclusion, and the image of φ * factors through the smaller space
Since the spaces on the left hand side involve finitely many supports and the interval is compact, the spaces on the right hand side may be replaced by spectra involving only finitely many supports. We will need a rather precise description of this finite collection. So
This support condition is the subject of Proposition 3.5.
Informally, the "worst" support in F * Z, measured by the failure of quasi-finiteness, is Z itself. Then we have supports that share a facet ∆ n−1 ֒→ ∆ n with Z, but are quasi-finite over (∆ n \ ∆ n−1 ) × A d . Then we have supports that coincide with Z along a codimension 2 face of ∆ n , but are otherwise quasi-finite; and so on, until we reach φ −1 n (Z), which is quasi-finite over all of ∆ n × A d . We will use R * Z to denote the support condition where we use all of the f j 's except f 1n . So we have 
is nullhomotopic.
Proof. The map I n × |E
We have morphisms of spectra
we suppress the identification of the Segal realization with the usual geometric realization. Since f 0n = i 0 and p
are homotopic, the result follows.
is nullhomotopic. 9
Proof. The nullhomotopy established in Proposition 3.10 holds for Z ′ and Z separately, hence it holds for the cofiber.
Proof. The cofiber of the map
and Remark 3.9 show that any term in the colimit admits a nullhomotopic map to a further term in the colimit. Thus the cofiber is contractible.
3.3. Extension to smooth affine varieties. Since our geometric constructions always involve X, those subschemes that are independent of X (i.e., pulled back from ∆ n × A q ) will not be affected by our constructions. Hence we need a different argument to exclude the possibility that they contribute to a discrepancy between E Q (X) and E (q) (X). We say a codimension q subscheme Lemma 3.13. Let S 1 , S 2 be successive support conditions in the tower 2.2, and suppose X is a smooth k-scheme. Then the canonical map E
is a weak equivalence.
Proof. This follows from the construction and use of the moving endomorphism φ • and the homotopy Φ • in Propositions 3.5 and 3.10: given a finite set Z of codimension q cycles on ∆ n × A q intersecting all the faces properly (and possibly satisfying some further condition as specified by 2.2), we can find a pseudo-endomorphism moving every member of Z to a cycle quasi-finite over ∆ n , and a homotopy between the identity and this pseudo-endomorphism. (This is the d = 0 case of the previous section.) Then the construction of the homotopy in the proof of Proposition 3.10 can be carried out with A d replaced by X and any support Y replaced by p −1 (Y ). Finally we note that Z → F * Z takes induced supports to induced supports. 
Proof
′ . We write also f = 1 × f × 1. As a first approximation, we show the exceptional locus Exc(f | Z ) satisfies the properties demanded of Z ′ , except that it is not dominant over ∆ n × X. Then we show Exc(f | Z ) extends to a dominant support Z ′ which is quasi-finite over ∆ n × X except where Exc(f | Z ) fails to be quasi-finite.
We use the superscript m to denote the intersection with a face ∆ m ֒→ ∆ n . Let Z e ֒→ Z denote the locus where the fiber dimension of Z → ∆ n × X is e, and similarly for (Z m ) e ֒→ Z m and (Z ′ ) e ֒→ Z ′ . Note we have (Z m ) e ⊆ (Z e ) m and (Z ′ ) e ⊆ Z e ∩ Z ′ . The exceptional locus is determined by the ramification locus of f on X and the double point locus on Z. In any case, the exceptional locus Z ′ is an ample divisor on Z, and it holds that (
If f is sufficiently general, then for every face ∆ m ֒→ ∆ n , the intersection of (Z ′ ) m with (Z m ) e is proper. Assume we are in the first case, so the index f can be increased. Consider any face ∆ m ֒→ ∆ n . Then the dimension of the generic fiber of the composition
Hence we increased the index f . In the second case, the image of Z e is zero-dimensional in ∆ n × X. Then Z ′ ∩ Z e generically has dimensional less than or equal to e − 1 over the zero-dimensional scheme pr 12 (Z e ), hence the locus in Z ′ that could contain an e-dimensional fiber itself is of dimension less than or equal to e − 1. Hence Z ′ cannot contain any e-dimensional fibers (i.e., (Z ′ ) e = ∅) and we decreased the index e. Since the support conditions are compatible with pushforward and pullback by finite flat morphisms (2.1(1, 2)), it suffices to show f (Exc(f | Z )) extends to a support that is dominant over ∆ n × A d and quasi-finite except along the locus where f (Exc(f | Z )) fails to be quasi-finite. Now f (Exc(f | Z )) is supported over a divisor D ֒→ ∆ n × A d , and this is true on all faces ∆ m ֒→ ∆ n . Now take an arbitrary extension of f (Exc(f | Z )) to a codimension q dominant support (there is at least one, namely f (Z)), and apply Suslin's moving lemma to this support and require the moving morphism to be the identity on the divisor D. Now for Z ′ take the pullback via f of the moved extension. Proposition 3.17. Let X be a smooth equidimensional k-scheme that is affine and of dimension d. Suppose E ∈ Spt(k) satisfies Nisnevich excision. Let S 1 , S 2 be successive support conditions in the tower 2.2. Then the canonical map E S1 (X) → E S2 (X) is a weak equivalence.
Proof.
Step 1. Eliminate induced supports. We have a commutative diagram of morphisms of spectra:
in which the top arrow is a weak equivalence by Lemma 3.13. Hence to prove the proposition it suffices to show the bottom arrow is a weak equivalence, i.e., the cofiber of the bottom arrow is contractible. By Remark 3.14 this cofiber is the homotopy colimit of spectra of the form E Z2\Z1∪(Z2∩T ) (X \ Z 1 ∪ T ), where
Step 2. Apply excision. Suppose given finite sets of supports
, and for simplicity of notation assume Z 1 ֒→ Z 2 . By Step 1 we may suppose neither of the Z i s is induced. We will find
is nullhomotopic. Now choose a finite morphism f : X → A d as in Proposition 3.15 with Z 2 = {Z n i }, and let Z ′ 2 denote the supports lying in the smaller support condition S 1 (X) and containing the exceptional locus of 1 × f × 1| Z2 .
By [5, Lemma 6.1.1] we have a weak equivalence
2 )), and similarly after the removal of Z 2 ∩ T . For the same reason we have a weak equivalence
. By comparing the cofibers we deduce the map
) is also a weak equivalence.
Step 3. Obtain a nullhomotopy. We use the notations
we also write q = φ • f . Note we have a decomposition into disjoint simplicial subschemes
and therefore a decomposition
Thus we obtain a commutative diagram, where the top row involves evaluation on open subschemes of ∆
• × X × A q and the bottom row on open subschemes of 12
The space for the top right entry is
Step 2 we observed the induced map E
weak equivalence. This implies the map in the top row of 3.2 factors (up to homotopy) through the nullhomotopy E
′ , therefore the map in the top row of 3.3 is also a nullhomotopy.
Step 4. Shrink supports. While we have q
, it does not seem possible to guarantee that Z + belongs to S 1 (X). However, we can combine excision with the fact that Z and Z + have intersection contained in Z ′ 2 , which does lie in S 1 (X). More precisely, the fact that
is nullhomotopic implies E Z\Z ′ factors through the homotopy fiber f ib of the canonical map
(In the first space, we did not discard Z + .) Now f ib is nothing but
which may be more transparent if one ignores the removal of q
. Since the map E Z\Z ′ → f ib is induced by canonical "inclusion of support" maps, this map too is compatible with adding supports and shrinking X. In particular, we can remove
, hence by excision the homotopy fiber f ib is weakly equivalent to the space where Z has also been removed. Thus the map
is nullhomotopic, and therefore so is its precomposition with E Z2\Z1 → E Z\Z ′ . Since this map occurs in the colimit of the cofiber of the map E S1\p −1 (S1) (X) → E S2\p −1 (S2) (X), the proof is complete. 13
In the proof we used the slightly abusive notation
) and E Z2 (X) ∼ = E Z2 (X \ Z 1 ) (and similarly with the roles of Z 1 , Z 2 reversed), this notation is accurate as far as the homotopy groups are concerned.
Corollary 3.18. Let X be a smooth equidimensional affine k-scheme. Suppose E ∈ Spt(k) satisfies Nisnevich excision. Then α X : E Q (X) → E (q) (X) is a weak equivalence.
Remark 3.19. This result should be compared with the version of Chow's moving lemma used by Levine to construct functorial models of E (q) in case B = Spec k. In this remark we temporarily switch notation to consider codimension ≥ q support conditions on cosimplicial schemes of the form ∆
• × X, not just those of the form ∆
• × X × A q . For a finite set C of locally closed subsets C of X and a function e : C → N, one can define a support condition S C,e (X) ⊂ S (q) (X) and we may form the spectrum with supports E (q) (X) C,e . Levine's result is that, for j : U ⊂ X an affine open subscheme of X ∈ Sm/k, the canonical map E (q) (U ) j * C,j * e → E (q) (U ) is a weak equivalence [5, Thm. 2.6.2 (2)]. Combined with the homotopy invariance E (q) (X)
, we see that, for a smooth affine k-scheme X, the canonical inclusion of supports map is a weak equivalence ι C,e :
q → X is the projection.) Since a quasi-finite support intersects properly any set of the form ∆ n × C × A q , for any C, e we have an inclusion of support conditions Q(X) ⊂ S (q) p * C,p * e (X × A q ). Thus our result says the source of the weak equivalence ι C,e may be replaced by the spectrum with supports in the smaller (and functorial) condition Q(X). that the associatedČech hypercohomology spectrum of E Q is weakly equivalent to the Nisnevich-fibrant model. Remark 3.21. For algebraic K-theory, Friedlander-Suslin showed the map α X is a weak equivalence for X the spectrum of a field [2, Thm. 8.6] . Identifying the cofiber of K (q+1) → K (q) with motivic cohomology, one obtains a strongly convergent spectral sequence from the resulting tower. The cofiber of the morphism K Q,q+1 (X) → K Q,q (X) was also identified with motivic cohomology, for semilocal X [2, Thm. 11.5]; and the resulting tower was shown to yield a strongly convergent spectral sequence [2, Thm. 13.13]. Therefore both towers determine strongly convergent spectral sequences with the same initial page on semilocal schemes, hence
is a weak equivalence for semilocal X. If X is the semilocalization of a quasi-projective variety at a finite set of points, the semilocal stalk can be computed over affine open neighborhoods. Since algebraic K-theory satisfies Nisnevich excision, Corollary 3.18 recovers the comparison results of FriedlanderSuslin.
Section 4. Moving supports on projective varieties
We will analyze the proof of Suslin's moving lemma [9, Thm. 1.1] in order to understand the closures of cycles in
The main point is to achieve a move on the finite part (i.e.,
For a given collection of cycles lying in S (q),e,f n (P d ), a sufficiently general hyperplane will intersect the family in a lower filtration level of 2.2. We will show the incidence with the hyperplane at infinity can be controlled while moving the finite part to a quasi-finite cycle. Therefore the collection can be moved to a lower filtration level and the essential geometric input to the affine case extends to the projective case.
Example 4.1. We start with an example illustrating the method of Suslin's moving lemma.
We want to move D 0 to a divisor that is quasi-finite over A 1 y , i.e., we seek an
y is quasi-finite. We set φ(y, x) = (y + p(x), x) where p is a nonconstant polynomial. Then φ −1 (D 0 ) is defined by the vanishing of p(x)g(x) + yg(x). This expression does not vanish identically for any value of y, hence all of the fibers (φ −1 (D 0 )) y0 are finite.
We notice two features of this example. First, the construction extends to
) is quasi-finite over P 1 Y . Second, the maps φ and φ are related to the identity map by homotopies Φ and Φ:
has the following properties: 15 1.2) (1-simplices) We use the coordinates given by the identification
x be the divisor defined by the vanishing of t 1 (t 0 + yg) + t 0 (t 1 + yh); here g, h ∈ k[x] are polynomials that (for simplicity) are not scalar multiples of each other. Then D 1 | t0=0 = V (yg) and 0) , 0)}. By our analysis of the 0-simplices, the map φ :
given by φ(y, x) = (y + p(x), x) moves both V (yg) and V (yh) to quasi-finite cycles, hence
and D 1 | t1=0 to quasi-finite cycles. We wish to extend φ 0 to the algebraic 1-simplex, i.e., we seek an
.e., a and b are scalar multiples of x n with n > deg(p). Then we define:
One checks immediately the first property, that φ 1 restricts to φ 0 on the vertices of ∆ 1 . To check the second property, observe that φ
is defined by the vanishing of
and we just need to show that, away from t 0 t 1 = 0, there are no values of (t 0 , t 1 , y) making f φ −1 1 (D 1 ) identically zero. To see this, we notice the term of largest x-degree is (t 0 t 1 ) 2 abc. (Here and in a few paragraphs, c denotes l. f. x (h − g), the leading x-term of h − g.) Since this term is nonzero when t 0 t 1 = 0, it follows that f φ
is not the zero polynomial on this locus.
Similar to the 0-simplices, the situation closes up nicely to an endomorphism φ 1 on
(the quasi-finiteness along Y 0 = 0 follows from the assumption that g is not a scalar multiple of h). Furthermore we have a homotopy Φ 1 between φ 1 and the identity, the endomorphism Φ 1 of ∆ 1 ×A
Therefore the divisor
) (again p is the projection away from A To see the last property, we argue as follows. Along Y 0 = 0, we calculate the term of largest x-degree in the function whose vanishing defines Φ 1 −1 (p −1 (D 1 )); we find ((1 − t)t 0 t 1 ) 2 abc and conclude the quasi-finiteness on (1 − t)t 0 t 1 = 0. Along Y 0 = 0, the leading x-term is Y 1 (1 − t)t 0 t 1 ac, so the conclusion holds over ( ∞ as a hyperplane which is very general with respect to a finite collection of data rather than as a fixed hyperplane in a fixed projective space; in other words we choose coordinates so that Z(Y 0 ) is very general. We use coordinates x 1 , . . . , x q on A q .
Given a support Z ∈ ∆ • × X × A q , we would like consider supports of the form Z ∩(∆
• × H × A q ) for H ֒→ X an ample divisor. However, these fail to be dominant over ∆
• × X. In some sense the next two lemmas allow us to consider supports lying over a divisor in ∆
• × X. The proof of Lemma 4.3 is based on the proof of Suslin's moving lemma.
be an effective divisor that is not pulled back from ∆ n . Then there exists a support
Proof. Let {f 1 , . . . , f r } be generators for the ideal of W in ∆ n × P d × A q , and let h be a generator for the ideal of D ֒→ ∆ n × P d . Note that r ≥ q. We let W ′ be defined by the ideal generated by the elements f
Here | · | denotes the Y -degree of a form, and the p i s are sufficiently general homogeneous forms of the same sufficiently large (compared to the x-degree of the f i s) degree.
Set theoretically we have Now we calculate the dimensions of the fibers of the morphism W ′ → ∆ n × P d . We choose coordinates on P q so that A q ⊂ P q is the complement of the zero locus 17
q is defined by the ideal generated by X ni 0 f i |h| + h |fi| p i for suitable n i > 0 (because the p i s have large x-degree), hence the ideal of the infinite part
is generated by the elements h |fi| p i . Over (δ 0 , y 0 ) ∈ ∆ n × P d \ D, the infinite part of the fiber (i.e.,
is defined by the ideal generated by p 1 , . . . , p r . Since r ≥ q, the infinite part of the fiber is empty if the p i s are chosen so that Z(p 1 , . . . , p r ) = ∅. Hence, away from D, the fiber of W ′ itself must be finite.
Proof. As a first approximation, we show there exists a hyperplane In the second case, the image pr 12 (W e ) is a zero-dimensional subscheme in ∆ n × P d , hence pr 2 (W e ) ֒→ P d is also zero-dimensional. We can find a hyperplane H ֒→
q with the following properties.
(1) For every 0 ≤ i ≤ n and every face δ : ∆ i ֒→ ∆ n , we have φ n • δ = δ • φ i . In other words, the {φ i } define a pseudo-endomorphism φ • of the truncated cosimplicial scheme (∆
We will use the t = 0 case of the following.
. Then for sufficiently generic homogeneous forms p 1 , . . . , p d 18 of the same sufficiently large degree, the fibers of the morphism φ
Proof. This is essentially a direct consequence of Suslin's argument [9] with an empty divisor; we have chosen a particular moving morphism φ that preserves the situation at infinity. For completeness we copy the argument of [9] adapted to our situation.
For any ∞ . Now choose generators G j (Y, x) for the ideal of V with the property that the formsg j := l. f. x l. f. y g j (y, x) generate the ideal of leading forms, i.e., cut out the ideal of V ∞,∞ .
If we choose p i 's homogeneous of the same degree, with deg(
. Therefore, over Y 0 = 0, the infinite part of the fiber of φ −1 (V ) is contained in the scheme cut out by the formsg j (p 1 (x), . . . , p d (x); x); note this is independent of y. Since pr 2 (V ) = pr 2 (φ −1 (V )), the infinite part of the fiber of φ −1 (V ) is also contained in
∞ with all of theg j (p 1 (x), . . . , p d (x); x) imposes d independent conditions, hence the intersection has dimension ≤ t − 1 [9, Prop. 1.7] . Hence the infinite part of the fiber has dimension ≤ t − 1, so the fiber itself has dimension ≤ t.
Proof of Theorem 4.5. We write Y, x) , . . . , G s (t i , Y, x) be equations defining W , and suppose they are chosen so that the formsg j := l. f. x l. f. t,y g j generate the ideal of leading forms, i.e., cut out the subscheme obtained by taking the closure of ∞ . Definition of φ 0 . We construct the morphism φ 0 :
as the product of the identity on ∆ 0 with a morphism φ :
Since W intersects all the vertices in codimension at least q, we may apply Lemma 4.6 with V = ∪ ∆ 0 ֒→∆ n W 0 and t = 0. Thus we obtain the desired morphism on the 0-simplices:
where the p 0,k are general homogeneous forms with degree large compared to the x-degree of the equations defining W .
Definition of φ 1 (model for induction step). To construct the morphism φ 1 , we choose generic homogeneous forms a 1,ij , p 1,k for 0 ≤ i < j ≤ n and 1 ≤ k ≤ d, all of the same degree m, with m > deg(p 0,k ). To give a formula for φ 1 we introduce some more notation. Let [n] denote the ordered set {0, . . . , n}. For φ 1 we will use T 1 = i<j∈[n] t i t j = t 0 t 1 + t 0 t 2 + · · · + t n−1 t n ; for general 1 ≤ r ≤ n we set T r = i0<···<ir ∈[n] t i0 · · · t ir . Now we define φ 1 (t i , Y, x) = (s i , Z, x), where:
• s i = t i (1 + j =i t j a 1,ij (x)), with a 1,ij = −a 1,ji ; and 19
(The condition a 1,ij = −a 1,ji ensures s i = 1.) Since T 1 = 0 and s i = t i at every vertex, it follows that φ 1 agrees with φ 0 on the vertices. Following the method used in Lemma 4.6, we calculate the fiber dimension of φ −1 1 (W ) along the dimension 1 faces ∆ 1 ֒→ ∆ n . Without loss of generality we work on the face ∆ 1 ֒→ ∆ n defined by t 2 = t 3 = · · · = t n = 0. Then we have: φ 1 (t 0 , t 1 , Y k , x) = (t 0 +t 0 t 1 a 1,01 (x), t 1 −t 1 t 0 a 1,01 (x), Y k +(p 0,k (x)+t 0 t 1 p 1,k (x))Y 0 , x). (a 1,01 , −a 1,01 , p 1,1 , . . . , p 1,d , x) .
Since W 1 has dimension ≤ d+1, clearly pr 3 (W 1 ) has dimension ≤ d+1. Since φ 1
is an A q -morphism, we have pr 3 (W 1 ) = pr 3 (φ −1 1 (W 1 )). Therefore pr 3 (φ −1 1 (W 1 )) ∩ P q−1 ∞ has dimension ≤ d. Away from the vertices, our calculation of the leading x-term shows we can impose d + 1 further independent conditions by the choices of a 01 , p 1 , . . . , p d . Hence we find, away from t 0 t 1 = 0, the infinite part of the fiber is empty. Hence the fiber itself is finite away from the vertices. The fiber is finite on the vertices as well since φ 1 | ∆ 0 = φ 0 . Therefore, for every face ∆ 1 ֒→ ∆ n , the fibers of φ . Suppose E ∈ Spt(k) satisfies Zariski excision. Then the canonical map
Proof. We have 
3 ) The homotopy constructed in Theorem 4.7 gives back the homotopy used in Proposition 3.10 and Corollary 3.11. Thus, as in Step 3, the bottom arrow is a nullhomotopy. The vertical arrows are weak equivalences by Lemma 4.9. Therefore the arrow in the top row is a nullhomotopy, hence so is
. Thus we just need to show this map appears in the colimit which is the cofiber of the map E S1 (P d ) → E S2 (P d ), i.e., we need
o ⊂ S 1 (P d ) and F * Z o 2 ⊂ S 2 (P d ). We verify this directly, with no need for further shrinking as in Step 4. Now we recall that F * (−) is the support condition generated by (f j × 1 × 1) −1 (Φ −1 (p −1 (−))). Corollary 4.11. If E ∈ Spt(k) satisfies Zariski excision, then the map α P d :
We isolate the key fact used in the proof of Proposition 4.10.
Proposition 4.12. Let the notation and hypotheses be as in Theorem 4.5 and the proof of Proposition 4.10. Then the canonical morphism
